
N O T A T I O N  

T, t e m p e r a t u r e ;  v, velocity;  p, p r e s s u r e ;  v, coeff icient  of k inemat ic  v iscos i ty ;  7, coeff icient  of dynamic 
v i scos i ty ;  X, t h e r m a l  diffusivity;  4 ,  t h e r m a l  conductivity;  r ,  0, 9, coordinates ;  a ,  bubble radius;  A, constant  
t e m p e r a t u r e  gradient ;  u, dr i f t  veloci ty;  2H, ave rage  cu rva tu re  of sur face ;  M, M, ,  P, a 0, d imens ion less  
p a r a m e t e r s  of p rob lem;  different ia t ion with r e spec t  to the coordinate  0 is  denoted by a p r ime ;  P I '  Legendre  
polynomials  of o r d e r  t ; a ,  coeff ic ient  of su r face  tension;  r l ,  0"~, unit vec to r s  of spher ica l  coordinate  System. 
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V I S C O S I T Y  O F  A W A T E R - F L U I D I Z E D  B E D  

R.  B.  R o z e n b a u m  a n d  O.  M. T o d e s  UDC 532.529.5 

The method of damping of osci l la t ions  of a ball  submerged  in a f luidized bed is  used to study the 
v i scos i ty  of the bed. 

The rheologica l  p r o p e r t i e s  of an a i r - f lu id ized  bed have been studied r a t h e r  extens ively  and by different  
methods.  The re  a r e  expe r imen ta l  data which we obtained [1, 2] allowing one to draw ce r ta in  conclusions con-  
cerning the dependence of the effect ive v i scos i ty  of the bed on the p r o p e r t i e s  of the solid phase.  

To c la r i fy  the m e c h a n i s m  of the effect ive v i scos i ty  and the laws of i ts  var ia t ion  it  i s  n e c e s s a r y  to study 
beds fluidized by different  agents ,  and t h e r e f o r e  it  is  advisable  to make  m e a s u r e m e n t s  in a bed fluidized by 
water .  These  m e a s u r e m e n t s  p r e s en t  definite diff icult ies,  since in i t s  rheologica l  p r o p e r t i e s  a s t rongly 
r a r e f i e d  bed approaches  the p r o p e r t i e s  of the fluidizing agent, the v i scos i ty  of which is  low, Using the method 
which we developed [3], which p rov ides  for  the motion of bodies in the bed in the region of smal l  Reynolds 

TABLE 1. C h a r a c t e r i s t i c s  of Substances  Used for  Cal ibra t ion  

Substance, % at t, *C 

Water at 20 
Aqueous solution of sugar 

20 at 21 
40 at  20 
60 at 34 
60 at 30 
60 at 25 
60 at 20 

Glyce.tin 
Castor off. 

p �9 10"3, 
kg/m 

p �9 10, 
N-see/ 
m 2 

1,005.10 -2 

Nexp 

i 

m2/sec 

,0 

,08 
,18 
,29 
,29 
,29 
,29 
,24 
,95 

1,96.10 -2 
6,2.10-2 

27,97.10--" 
33,78.10 -2 
43,86.10-2 
56,5.10 -2 

3,68 
9.03 

55,5 

4O 
25,8 
14 
13,2 
11,0 ~,s 
2 

0,01 

0,018 
0,053 
0,217 
0,262 
0,340 
O, 438 
2,968 
9,505 

55,5 

43,20 
30,44 
18,06 
17,03 
14,19 
12,25 
4,96 
1,90 
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Fig. 1. D i a g r a m  of expe r imen ta l  setup: 1) spr ing;  
2) sca le ;  3) pointer ;  4) cy l indr ica l  body; 5) rod; 6) 
bed; 7) ball ;  8) f i l te r ;  9) f lowmeter .  

Fig. 2. Graph  of dependence of q on ~. 

number s  Re,  one can re l iab ly  d e t e r m i n e  the v i scos i ty  of the bed if the fluidizing agent is  a i r ,  whose density 
P0 and viscosi ty/~ 0 a r e  low, f r o m  the ra t io ,u0/p o ~ 10-~ m2/sec" F o r  wa te r  # o / p  ~ i s  an o rde r  of magnitude 
s m a l l e r  than for  a i r .  

Wishing to make  it so that  the body (a ball) moving in the bed not only d i s rupts  the s t ruc tu re  of the bed 
to the min imum but also r e a c t s  weakly to the pulsat ion impac t s  c h a r a c t e r i s t i c  of the bed, one mus t  choose 
a body of sma l l  volume (with a smal l  surface)  and l a rge  m a s s .  But then because  of the high veloci ty  of fall  
values  of Re < 1 will not be provided and the main  condition for  the mode of v iscous  flow will be violated. 

Vibra t ional  v i s c o m e t e r s  [4], in which a f lat  plate  submerged  in the med ium u n d e r  study undergoes  
ha rmonic  osci l la t ions  with a smal l  ampli tude under  the effect  of a harmonic  driving force ,  can be used to 
m e a s u r e  the v i scos i ty  of t rue  liquids. The quality of the mechan ica l  v ibra t iona l  s y s t e m  of such ins t ruments  
is  r a t h e r  high; m o r e o v e r ,  since the ampli tude of the v ibra t ions  is  only s e v e r a l  dozen m i c r o n s ,  the veloci ty of 
the plate  mot ion is  low, the c r i t i ca l  Reynolds number  is  not r eached  (for a plate Rec r  ~ 105), and i ts  v ibra t ions  
r e m a i n  in the v iscous  region. This  s y s t e m  cannot be applied d i rec t ly  for  measu r ing  the v i scos i ty  of a fluidized 
bed because  of the cons iderab le  in t r ins ic  pulsat ions  of the bed. The method can be modif ied somewhat ,  how- 
ever. 

Let us assume that an oscillatory system of mass M, consisting of a spring and a thin rod with aball 
of diameter d fastened to it and submerged in a medium of density p and viscosity D, undergoes natural damped 
oscillations (Fig. i). Since it is possible that the mode of oscillations will not be purely viscous, let us analyze 
the equation'of motion of such a system: 

dv 
M = F res + Fel " (i) 

dt 

Allowing not only for the effect of forces of viscous friction, but also for the inertial resistances of the medium 
to the es tab l i shed  motion,  one can set  [5] 

Fre s ---- - -  3nd~tv - -  0.06 nd~ iv[. (2) 

The e las t ic  force  is  
Fel = - -  M o ~ x  == - -  kx.  

Equation (1) can thus be rewr i t t en  in the fo rm 

M d_~v + 3~d,av + 0.06 ~d2pv r v ] ~ Mco~x = O. 
clt 

(3) 

(4) 
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Fig. 3. Graph of dependence of Nv on v (calibration curve):  1) t rue liquids and solu- 
tions; 2) sand (0.3-0.5 ram) fluidized by water. Np �9 10 -3, kg/m~; v, m2/sec. 

Fig. 4. Graph of dependence of v / v  o on s: 1) fluidizing agent: water;  2) air;  3) f rom 
Eq. (21). 

Since  
dx 

- v, (5) 
dt 

by dividing (4) by (5) we obtain 

M dv -k 0.06 ~d'~p iv I +  MO2o ~x _ 3 ~ t  : O. 
dx v 

(6) 

In the absence of res i s tance  the sys tem would undergo purely harmonic oscil lat ions,  passing through the 
equil ibrium position with a maximum velocity 

= 1 /  k xo. (7) 
vm V - M  

In real i ty,  the oscil lat ions are  damped. As a p a r a m e t e r  charac ter iz ing  the p rocess  we choose the number of 
oscil lat ions N af ter  which the amplitude x 0 of the osci l lat ions decreases  twofold. Let  us re turn  to the initial 
equation (6) and conver t  it to dimensionless  form. We designate 

v x v vmdp 
= ~  t , - -  : ~ ,  - -  =TI, Rein= (8) 

xo Xo v,, 

We in t roduce the dimensionless  quantity 

Q 3nd2pxo (9) 
M 

and reduce (6) to the form 

d,] ~ Q 

a~ n Rem 

Equation (10) must  be solved with the initial conditions 

~ 0  at 

- - ( 1  --', O.02RemjTIi). (10) 

= 1 !11) 

and cer ta in  limits of variat ion of Re m and Q. 

Let us est imate these l imits  on the basis  of the concrete  conditions of the experiment.  In our setup 
(Fig. 1) a spring of m a s s  0.223 kg and elastic coefficient k = 13.75 N/m was fastened rigidly at one end in a 
special  brace.  At the other end of the spring was fastened a pendant consist ing of a m~[ssive cyl indrical  body 
and a thin b rass  rod ending in a bali of d iameter  d = 1.67- 10 -2 m; the mass  of the pendant was 0.6855 kg. 
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T A B L E  2. V i s c o s i t y  of a F l u i d i z e d  Sand Bed  

p �9 10 -3, 
kg/m 3 

1,966 
1,946 
1,917 
1,897 
1,862 
1,838 
1,792 
1,692 
1,582 

p �9 10 "3, 

kg/m s 

1,373 
1,312 
1,278 
1,251 
1,238 
1,132 
0,932 

0,41"1 
0,423 
0,441 
0,453 
0,474 
0,489 
0,517 
0,578 
0 645 

Fluidizing agent: water 

N p" 10 "3, V �9 I0 4, 
N kg/m 3 m3/sec 

2,0 
4,0 
4,4 
6,2 
9,4 

10,8 
13,0 
15,6 
19,0 

3,93 
7,78 
8,43 

11,76 
17,50 
19,85 
23,30 
26,39 
30,06 

3,25 
O, 92 
0,84 
0,51 
0,26 
0,18 
0,12 
0,07 
0,06 

" 10, 
N" sec/ 
m 2 

6,39 
1,79 
1,61 
0,97 
0,48 
0,33 
0,21 
0,12 
0,09 

Air 

0,4-80 
0,503 
0,516 
0,526 
0,531 
0,571 
0,647 

u �9 10 4 
mZ/sec 

22,0 
21,00 
20,5 
21,8 
19,3 
17,4 
t5,8 

p.10, 
N 'sec /  
m 2 

30,2 
27,5 
26,2 
27,2 
23,9 
19,7 
15,7 

u 

VO 

325 
92 
84 
51 
26 
18 
12 
7 
6 

V 

u 

m 

166 
158 
154 
164 
145 
131 
119 

A p o i n t e r  c o n n e c t e d  wi th  the  s y s t e m  m o v e d  r e l a t i v e  to  a s c a l e  in the  c o u r s e  of the  o s c i l l a t i o n s .  The  
s y s t e m ,  d i s p l a c e d  f r o m  the  e q u i l i b r i u m  p o s i t i o n  by a d i s t a n c e  x 0 = 4 . 1 0  -2 m ,  u n d e r w e n t  d a m p e d  o s c i l l a t i o n s  
wi th  a p e r i o d  T = 1.5 sec .  The  c o r r e s p o n d i n g  e s t i m a t e  of the  q u a n t i t i e s  Q and Re m u n d e r  ou r  cond i t i ons  g i v e s  

0.14 ~ Q ~ 0 . 2 8 ,  3 ~ R e m  ~ 3000. (12) 

Now l e t  us  a n a l y z e  Eq. (10) fo r  the  two e x t r e m e  c a s e s  of m o t i o n  of the  s y s t e m :  a) the  v i s c o s i t y  of the  m e d i u m  
i s  h igh;  b) the  v i s c o s i t y  of  the  m e d i u m  i s  low. 

a) I f~  i s  h igh ,  t hen  one can  n e g l e c t  the  t e r m  0.02Qb? I in  c o m p a r i s o n  wi th  Q / R e  m in (10) and we obta in  

the  d i f f e r e n t i a l  equa t ion  fo r  d a m p e d  o s c i l l a t i o n s .  The  a m p l i t u d e  of the  o s c i l l a t i o n s  d e c r e a s e s  by the  law 
exp [ - - (Q /2Rem)T]  and d e c r e a s e s  twofo ld  a f t e r  a t i m e  r i / 2 ,  hav ing  u n d e r g o n e  2~N o s c i l l a t i o n s :  

N --  "~I/2 In 2. Rein 
- -  ( 1 3 )  

2n ~Q 

b) If the  v i s c o s i t y ~  of the  m e d i u m  i s  low, then  we n e g l e c t  the  t e r m  Q / R e  m in (10). In t roduc ing  the  
d e s i g n a t i o n  

~q" _ y (14) 
2 

and  t r a n s f o r m i n g  Eq. (10), we ob ta in  

d y  + O.04Qy = - -~ .  (15) 
d ~ -  

T h e  so lu t i on  of the  n o n h o m o g e n e o u s  equa t ion  (15) s a t i s f y i n g  the i n i t i a l  c ond i t i ons  (y = 0 at  ~ = l )  ha s  the  f o r m  

y = ~ 5- ~ - -  1 ,-}- exp (~ - -  1) . (16) 

Expand ing  e Q/2~(r in  a s e r i e s  by p o w e r s  of (Q/25) (~  - 1) a n d b e i n g  l i m i t e d  to  the  f i r s t  t h r e e  t e r m s  of the  
s e r i e s ,  we can  e s t i m a t e  the  va lue  of  ~l a t  wh ich  y i s  r e d u c e d  to z e r o  (Fig .  2): 

2Q 

~1 = e 2~ (17> 
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After  one full revolution ~ r eaches  the value ~ 2 = e-4Q/25 and, consequently, the number  N of revolutions after  
which the dimensionless  amplitude dec reases  twofold is 

25 In 2 
N = ~ (18) 

4Q 

It is seen from Eqs. (13) sad (18) that in both extreme eases the quantities N and Q enter into the solution in the 

form of a product, with NQ being a function of the Reynolds nmmber when it is small and being independent of 

Re when it is  large. Without per forming the calculat ions one can in prac t ice  const ruct  an experimental  cal i -  
bration curve f rom observat ions of the damping of oscil lat ions in liquids whose viscosi ty  and density are  known. 
Since Q var ies  in propor t ion to the density ~ of the medium, while the Reynolds numbers  vary  in proport ion 
to 1/~, where v is the kinematic  viscosi ty  of the medium, it is  convenient to cons t ruc t  the cal ibrat ion curve  in 
the coordinates N~,--log v. 

Data on the substances  used for the cal ibrat ion are  presented in Table 1. The resul ts  of the exper i -  
ments  are  represen ted  graphical ly  in Fig. 3. 

The cal ibrat ion curve la ter  served  for the determination of the viscosi ty  of water-f luidized beds of 
granular  mater ia ls .  

A charge of the tes t  ma te r i a l  was poured into a column 7 .4 .10  -2 m in diameter .  Water  was supplied to 
the base of the column through a thin metal  gr id  and a layer  of f~lt (the filter) and the bed changed into a 
suspended state. The water  flow rate  was measured  with an RS-5 flowmeter.  The height of the bed and its 
porosi ty  and viscosi ty  var ied  as a function of the rate of supply of the water. The viscosi ty  was determined 
f rom the number N of osci l lat ions of the pendant in the bed and f rom the cal ibrat ion graph (Fig. 3). The r e -  
sults of the measurement  of the viscosi ty  of a bed of sand with a size of 0.3-0.5 mm are  presented in Table 2. 
Data which we obtained on the viscosi ty  of a sand bed fluidized by air are  also presented there  for  comparison.  

The f i r s t  theoret ical  work on the determination of the effective viscosi ty  of dilute suspensions was the 
study of Einstein [6], who found that the change in th~ rate of settling of the solid par t ic les  can be explained 
by an inc rease  in the v iscos i ty  ~ of the suspension in compar ison with the viscosi ty  ~ 0 of the medium: 

= ~o(I + 2.5~), (19) 

where 12 is the portion of the volume of the suspension occupied by the solid phase. The Einstein equation was 
not confirmed experimentally for suspensions in which the concentration of solid particles exceeds 0.05. 
Subsequently many authors have proposed equations differing from (19) which are valid for narrow intervals 
of particle concentration. Thus, in [7], following an analysis of the experimental data of a number of studies 
on the settling of narrow fractions of sand, coal, and others, aS well as data on beds fluidized by air and 
water, the following equation was proposed for calculating the apparent viscosity of a disperse system: 

~o P - ~0 L ,  (20) 
e I '~85+~-2(I-r ''3" Pc Pc 

where ~' 0 is considered as the apparent viscosity of the disperse medium. 

It follows from (20) that the ratios of the kinematic viscosities of the bed ~ and the fluidizing agent v 0 
are determined by the porosity of the bed: 

v __ 1 (21) 
~o el "285+P--2(1--e)(f-- I) I ]a " 

On the basis of our experimental data graphs of the dependence of v/v 0 on 6 for a sand bed fluidized by 

water and air are constructed in Fig. 4 on a semilogarithmic scale. The curve corresponding to (21), which 

does not coincide with the experimental graphs, is also plotted there for comparison. From theoretical con- 
siderations it actually follows that a proportionality should exist between the kinematic viscosities of the bed 

and the fluidizing agent. Since the processes taking place in the bed are nonsteady, however, for appreciable 

expansions of the bed the connection between u and v 0 must evidently be different for the so-called hetero- 
geneous fluidization when the fluidiziug agent is water and for the heterogeneous fluidization when the fluidizing 

agent is air. 

N O T A T I O N  

M, mass  of osci l la tory  sys tem;  d, d iameter  of ball; p, ~, v, density, dynamic viscosi ty,  and kinematic 
viscosi ty  of medium and of fluidized bed; P0, ~o, ~0, density, dynamic viscosi ty,  and kinematic viscosi ty  of 
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fluidizmg agent; v, veloci ty of osc i l la tory  motion of ball; Vm, maximum velocity;  t, t ime of motion; F r e s ,  
fo rce  of r e s i s t ance ;  Fel ,  e las t ic  force ;  Re, Reynolds number;  Rein, Reynolds number  corresponding to Vm; 
w0, f requency of na tura l  undamped osci l lat ions;  x, d isplacement  f rom equil ibrium position; x0, amplitude of 
osci l la t ions;  k, e las t ic  coefficient ,  N, number  of osci l lat ions af ter  which amplitude of oscil lat ions decreases  
twofold; 6, d imensionless  displacement;  ~, d imensionless  velocity;  Q, d imensionless  pa rame te r ;  T, per iod of 
osci l lat ions;  T, d imensionless  t ime;  r l/2 = 2~N; ~l, 42, in termedia te  values of ~. ;y  = ~2/2; ~, port ion of volume 

�9 ~ t0  

of suspension occupied by sol idphase;  ~ ,poros i ty  of bed; f, coeff icient  of nonspheriei ty;  ~0 =8~.2s5+~._ _.~_ ~t~_~p/a 
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M E T H O D S  O F  E X A M I N I N G  B E A M  D I F F U S I O N  IN AN 

A B S O R B I N G  A N D  S C A T T E R I N G  M A T E R I A L  

S. G.  I i ' y a s o v ,  V.  V.  K r a s n i k o v ,  
a n d  E .  P .  T y u r e v  

UDC 536.3 

An apparatus and method are  p resen ted  for  measur ing  the effective c ro s s  section of a radiat ion 
beam subjec t  to ref lect ion and t r ansmiss ion  by l ayers  of absorbing and scat ter ing mater ia l .  

Recent  methods of measur ing  spec t ra l  cha rac t e r i s t i c s  for  scat ter ing ma te r i a l s  subject  to di rect ional  
i r rad ia t ion  have made it n e c e s s a r y  to make a detai led study of the propagation of a nar row para l le l  radiation 
beam in such a mate r ia l ;  a pa r t i cu la r  fea ture  he re  is that the beam is rapidly t r ans fo rmed  to a purely diffuse 
beam on account of repea ted  scat ter ing at optical nonuniformit ies  [1-4]. The beam c ros s  section inc reases  
considerably ,  and the multiple scat ter ing makes  a ma jo r  contribution to the increase  in c ros s  section. 

A study has been made [2] of the propagation of a nar row beam of light in a turbid medium having a 
highly elongated scat ter ing indicatr ix,  and an analytical  express ion  was der ived for  the effective radius of the 
beam re f  in re la t ion to the optical  thickness.  Results  have been repor ted  [3] on the radial  dependence of the 
flux density af ter  passage  through smal l  Lucite spheres  (the measu remen t s  were  made with the photocell  and 
set of celluloid screens) .  Screens  coated with graphite  had c l ea r  r ings of in ternal  radius up to 6 mm. The 
main disadv~mtage of this method, which introduces an uncor rec ted  e r r o r ,  is that the sensi t ivi ty of the photo- 
ce l l  va r i e s  f rom par t  to part .  On the other  hand, these resu l t s  [3] do define the radial  dependence of the flux 
density. So fa r  as we a re  aware,  no study has been made of the radial  dependence of the flux density for  
re f lec ted  fluxes. 

We have examined this  topic by means  of special  equipment whose ma jo r  components were  an adjustable 
i r i s  diaphragm and a photometr ic  sphere  (Fig. 1). 

The i r i s  diaphragm had blackened meta l  blades of thickness 0.2 mm and allowed us to a l te r  th~ d iameter  
of the back - sca t t e r ed  and t ransmi t t ed  beam f rom 3 to 40 ram. The two fluxes were  m easu red  for  a var ie ty  of 
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